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Some perturbation equations for calculating the interaction energy of three independent systems have been

derived in the frame of the simple Hiickel MO approximation.

The results of the numerical calculation of some

typical interactions of three conjugated systems are presented in order to show the effect of the orbital symmerty
upon the interaction energy. The role of the d orbitals of transition-metal catalysis olefin metathesis is examined.

Some important information on the nature of che-
mical interactions in unimolecular reactions has been
derived by considering the conjugation between two
parts of a molecule, using a partitioning technique.V
To discuss the stability of a molecular system by means
of the conjugation stabilization of the interaction of
three or four parts of a molecule properly partitioned
seems to be promising for the purpose of illuminating
the essential features of complicated chemical reac-
tions.?> Recently, Goldstein and Hoffmann extended
the concept of aromaticity to some multi-centric
interactions of more than three systems.?) They dis-
cussed the interaction of three systems by regarding
it as two successive cyclic interactions of two systems,
based upon the concept of orbital interaction between
the highest occupied (HO) molecular orbital (MO)
of one system and the lowest unoccupied (LU) MO
of the other system. The applicability of the theory
of the HOMO-LUMO interaction to predicting the
favorable reaction paths has been verified in numerous
cases.1'¥  Therefore, the generalization of aromaticity
by Goldstein and Hoffmann may be accepted. Since
such multi-centric interactions of three systems are
highly related to the catalytic action of transition-
metal complexes, we would like to present some simple

1) a) K. Fukui and H. Fujimoto, “Mechanisms of Molecular
Migrations,” B. S. Thyagarajan, Ed., Interscience. New York,
N. Y. (1969), pp. 117—190. b) K. Fukui, Accounts Chem. Res.,
4, 57 (1971).

2) a) M. ]J. Goldstein, J. Amer. Chem. Soc., 89, 6357 (1967).
b) H. E. Zimmerman, Accounts Chem. Res., 4, 272 (1971). c¢) R.
Hoffmann and W. D. Stohrer, J. Amer. Chem. Soc., 93, 6941 (1971).
d) L. A. Paquette, M. R. Short, and J. F. Kelly, ibid., 93, 7179
(1971).

3) M. J. Goldstein and R. Hoffmann, /J. Amer. Chem. Soc.,
93, 6193 (1971),

formulae for the simultaneous cyclic interactions of
three independent systems. These formulae will be
useful for a semi-quantitative comparison of various
types of interactions of three systems.

Interaction Energy

Longicyclic  Interactions. First, let us consider

the longicyclic interaction® of three systems, A, B,

AB/_\/N_ _L}\‘YABB

¢ YacB B

Fig. 1. Longicyclic interaction of three systems A, B and C.

4) a) K. Fukui, “Molecular Orbitals in Chemistry, Physics,
and Biology,” P. -O. Lowdin and B. Pullman, Eds., Academic
Press, New York, N. Y. (1964), pp. 513—537. b) K. Fukui,
“Modern Quantum Chemistry. Istanbul Lectures, Part I,”
O. Sinanoglu, Ed., Academic Press, New York, N. Y. (1965), pp.
49—84. c¢) K. Fukui, “Sigma Molecular Orbital Theory,”
O. Sinanoglu and K. B. Wiberg, Eds., Yale University Press,
New Haven, Conn. (1970), pp. 121—129. d) K. Fukui, Fortschr.
Chem. Forsch., 15, 1 (1970). e) G. Klopman, J. Amer. Chem.
Soc., 90, 223 (1968). f) L. Salem, ibid., 90, 543, 553 (1968).
g) K. Fukui and H. Fujimoto, This Bulletin, 41, 1989 (1968).
h) K. Fukui and H. Fujimoto, ibid., 42, 3399 (1969).
i) H. Fujimoto, S. Yamabe, and K. Fukui, ibid., 44, 2936 (1971).
J) R. G, Pearson, Theor, Chim, Acta, 16, 107 (1970).
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and C, which are joined together at the AO’s, r and
sof A, t and u of B, and v and w of C. The interac-
tion of these three systems is represented by the y,zf,
vsaf, and pgaf. resonance integrals respectively, as
is shown in Fig. 1. The simple Hiuckel secular equation
for the system is given by:

r Yas®? Yeaf =0 (1)
Aa
B
s YABB Yea
r s
£ u
YABB t A t YBCB
B
Yas® ke e Yec?
t u
v w
Yeaf Ypcf v
A
c
Yea® Ypcf |V

where 4,(¢)=0, 4;(¢)=0, and A4y(¢)=0 are the se-
cular equations for the A, B, and C systems respectively
in their isolated states. By expanding Eq. (1) in the
power series of the interaction integrals, yf, we obtain:

A,454c

— (PaBP)2{Aar A+ AassApun+2(— 1) +5+1484,  Agiy }
— (78eB) {40 ey + Apuudoww +2(— 1)+ 2+ 7+ %A, Agyw }
— (YeaB)H{AcvvAare+ AowwAass+2(—1)VF T HE 840, oAy s}

= (2)

where 4,_,, for instance, is the minor of 4, with re-
spect to the (r, s) element of the determinant. As-
suming that |y,gl, I¥scl, |ycal are small in com-
parison with unity, we may expand the eigenvalues
of the perturbed secular equation in the power series of
the interaction integrals.’)» When the ith root, e,,,
of the secular equation, 4,(¢)=0, is not simultaneously
the root of A,;(e)=0 and A4,(¢)=0, the perturbed
eigenavlue of Eq. (1) is given by:

all (¢ (D¢, ) 4 ¢ lidc, ()2
2

eps’ = €a5 —
i 3 Py (vasB)
all (¢, (¢, ) ¢ ey )2
- r.w 5 v (PcaB)? + --oeer (3)
k €0k —EAi

where C,®), for instance, is the coefficient of the (AO)
r atomic orbital in the MO { of A, and where j and &
denote the MO’s of B and C respectively. Similar
equations can be derived for ¢g,', and &g/, correspond-
ing to the jth root of Az(¢)=0 and the kth root of
Ag(e)=0 respectively. When all of the three systems
have closed-shell electronic structures, the conjugation

5) a) K. Fukui, C. Nagata, T. Yonezawa, H. Kato, and K.
Morokuma, J. Chem. Phys., 31, 287 (1959). b) K. Fukui, K.
Morokuma, T. Yonezawa, and C. Nagata, This Bulletin, 33, 963
(1960),
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stabilization energy due to the interaction is given by:

0CC uno  uno occ (Cr(z)ct(J)_l_Cs(l)cu(J))Z

AE=2(333—23130) (vasb)*
i i €Ai—&EBj
0CC Uno  uno occ C (j)c‘7 (k) +Cu(j)cw(k) 2
LSS5 2 (rso)?
Jj ok Jj & €pj—é&ck
ocC uno  uno occ Cv(k)cr(i)_|_cw(k)c (1))\2
+ 23 S35y D e @)
ki ki Eor— &A1l

where the g and 'g}) symbols imply the summation
over all the doubly-occupied and unoccupied MO’s

* respectively. Equation (4) indicates that, as to the

second-order perturbation energy, the conjugation
stabilization due to the interaction of three systems
is simply given by the sum of those of the interaction
between two systems. By the use of the results of
calculations for cyclic interaction between two sys-
tems presented in our previous paper,® we obtain
the results shown in Table 1. The conjugation sta-
bilization of the cyclic syn-interaction® of two systems
is large when the number of electrons forming a cycle
is 4n-+2, while the stabilization is not large when the
number of electrons is 4n.1®)  When A is a 4n-electron
system, both B and C should be (4n4-2)-electron
systems in order to make the conjugation stabilization
due to the interaction between A and B and that be-
tween A and C large. When the A system is a (4n+-2)-
electron system, the case in which both B and C are
4n-electron systems leads to a large stabilization.

TaBrE 1. THE CONJUGATION STABILIZATION ENERGY
IN LONGICYCLIC INTERACTION OF THREE
CONJUGATED SYSTEMS

Ca) AE[yBv
0.0
2.147
2.987
4.293
1.244
2.239
4.200
3.578
4.153
4.480

%
=]
3

BB OONDNNO SN
NN DN DO BN
SDON DO DO AN

RS
2]

a) 2; ethylenic, 4; butadienic, 6; hexatrienic:
by the term ethylenic, for instance, is meant the employ-
ment of the # MO’s of ethylene.

b) |7asl=|78c|=Iycal=7"
hereafter B is taken always negative.

In both the cases, however, the interaction between
B and C does not produce a large stabilization. In
this sense, the interaction can be classified into doubly-
stabilized and unstabilized cases, following the no-
tations introduced by Goldstein and Hoffmann.?
Equation (4) supplies us with a simpler and even more
quantitative means than the step-by-step method of
Goldstein and Hoffmann to discuss the cyclic interac-
tions of three independent systems.

6) K. Fukui and H. Fujimoto, ibid., 39, 2166 (1966),
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When one of the three systems, say A, has a singly-
occupied MO, 0, the following additional term ap-
pears:

+(X-3)

5y

uno occ (cr(O)cv(k) + CS(O)CW(k))Z

+ (32-30)
k k

. o G
(Co ¢y ¢ O ¢y )2

A0 —E€Bj

(yapB)?

(7oaB)?
Eao—Eck

Laticyclic Interactions. The equation represent-
ing the conjugation stabilization energy of the laticyclic
interaction® of A, B, and C is immediately derived
from Eq. (4) by putting one of the three integrals,
say yoaf, equal to zero. When B is interposed be-
tween A and C, as is shown in Fig. 2, we obtain:

b

(L

w

0

Fig. 2. Laticyclic interaction of three systems A, B and C.

0OCC uno uno occ

(e Py P 4 gty ()2

Ap=a(3 3T-315) (rasf)?
i g i 'Ai—€Bj7
occ uno  uno occ (§)] v(k) + u(j) w(k) 2
Lo S Sy GletHale ™ o p )
J K 7k €Bj—E€ck

The results of the calculation for several laticyclic
interactions of three conjugated systems are given
in Table 2. We can see that the conjugation stabiliza-
tion is large in the following two cases: (i) when A
and C are (4n-2)-electron systems and B is a 4n-

TABLE 2. THE CONJUGATION STABILIZATION ENERGY
IN LATICYCLIC INTERACTION OF THREE
CONJUGATED SYSTEMS

>
e
==}
[

o] AE[y2B®

0.0

1.789
3.578
2.504
3.578
0.622
1.244
1.431
3.531
2.364
2.411
1.617
1.244
2.458
3.483
2.738
3.484
1.991

DD DDA DONONNDBNNDNNNN
DA DDA NDOINDA DN N B DNN
DO DO RO RN D RN DN

a) 2; ethylenic, 4; butadienic, 6; hexatrienic,

b) lyasl=lyscl=)p
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electron system, and (ii) when A and C are 4n-electron
systems and B is a (4n-+2)-electron system.

Pericyclic Interactions. Next, let us consider the
pericyclic interaction® of the three systems, A, B,
and C, as is shown in Fig. 3. The perturbed secular
equation is:

=0
N (6)
A
s YCAB
r S
t t
Yas® t . t
B
u u Ypch
t u
\'2 w
YACB v
A
C
Yeab w

Expanding the perturbed MO energies in the power
series of B, the second-order perturbation energy
is given by:

0CC UNo  Uno occ (Cr(i)ct(j))z
AE=2(B 3 -3 3) ————— (vash)?

i t j Ai—EBj
0CC UNo  uno occ (Cu(j)cv(k))z

+ 23 X -2 ) —————(roh)?
Jj ok Jj ok €Bj—é&As
0cC uno  uno occ (cw(lc)cs(i))2

T2 X -2 3) " (7caB)? (7
ki ki Ecr—¢Aq

The results of the calculations are given in Table 3.
Unfortunately, as to the second-order perturbation
terms, we can not distinguish the 4n and (4n+2)-
electron cycles. For example, the pericyclic interac-
tion of the ethylenic, butadienic, and allyl cationic
systems gives the same conjugation stabilization energy
as the interaction of the ethylenic, butadienic, and
allyl anionic system, 2+44-(3—1). The interaction
energy of the third-order with respect to y is given by:

oce all all ¢ (e (Do Do, G, Bc )

(eBj—eaq) (Bck—&aq)
occ all all ¢ (N Ne_ (K)o E)e (D) (D)
+ 2. % 2 t u v w T S
J

: (ecr—enj) (e —¢p3)

occ all all Be (K)o @) Do (De (D
Cy Cw “Cr Cs M Cr ey
+ %}Z}Z
t

J (€Ag —&ck) (€Bj —&ck)

} yAB}’B(EyCAﬁa (8)
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TaBLE 3. THE CONJUGATION STABILIZATION ENERGY IN
PERICYCLIC INTERACTION OF THREE CONJUGATED
SYSTEMS (SECOND-ORDER)

As) B Q2 AE|y*p»
2 2 2 1.500
2 2 4 1.606
2 4 4 1.732
4 4 4 1.878
2 2 1-1 2.500
2 2 141 2.500
2 4 1—-1 2.894
2 4 141 2.894
2 2 3—-1 1.914
2 2 3+1 1.914
2 4 3—1 2.154
2 4 3+1 2.154

a) 2; ethylenic, 4; butadienic, 1—1; cation with single p
AO, 141; anion with single p AO, 3—1; allyl cationic,
3+1; allyl anionic.

b) |yasl=Iyscl=Iycal=7

TABLE 4. THE CONJUGATION STABILIZATION ENERGY IN
PERICYCLIC INTERACTION OF THREE CONJUGATED
SYSTEMS (THIRD-ORDER)

A B C AE[yp®)
2 2 1-1 —2.000
2 2 141 6.000
2 4 1—-1 4.000
2 4 141 —4.000
2 2 3—1 4.000
2 2 3+1 0.000
2 4 3—1 —2.000
2 4 3+1 2.000
a) Degeneracy was removed by the method reported in
Ref. 5 b).

The results of the calculations for several examples
are given in Table 4. For instance, the third-order
perturbation energy of the cycle composed of the
ethylenic, butadienic, and allyl cationic systems is
calculated to be —2.000 p,pvscvcafs while that of
the cycle composed of the ethylenic, butadienic and
allyl anionic systems is 2.000 p,pVpcycaf. Therefore,
in order to make the stabilization large, y,g5VscYca
should be negative in the former case, while it should
be positive in the latter case. The cyclic conjugation
of the three systems in which y,3ypcvca 1is positive
obviously corresponds to the usual Hiuckel-type con-
jugation, while that in which y,pygcyca is negative
corresponds to the anti-Hiickel or Mobius-strip-type
conjugation.” The conclusions thus derived from
the third-order perturbation energy, that the 244+
(3—1) system favors the anti-Hiickel interaction and
that the 2+4+4-+(3+1) system favors the Hiickel in-
teraction, are in agreement with the results obtained
by Goldstein and Hoffmann.®) However, it should

7) a) E. Heilbronner, Tetrahedron Lett., 1923 (1964). b) H.
E. Zimmerman, J. Amer. Chem. Soc., 88, 1564, 1566 (1966).
c¢) M. J. S. Dewar, Tetrahedron Suppl, 8, Part I, 75 (1966).
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(2) (b)
Fig. 4. Other types of interactions of three systems A, B
and C.

be noted here that whether or not a pericyclic interac-
tion of three independent systems takes place prefer-
entially in the Hiickel-type or in the anti-Hiickel-type
interaction depends not on the symmetry properties
of the MO’s of the three independent systems, but
on the number of electrons forming a cycle. This con-
clusion is completely consistent with that given in
our previous paper,® and also with the theory of
aromaticity.®)

Other Kinds of Interactions. Let us now discuss
some other kinds of interactions of three independent
systems. The first case is the interaction of three
systems at the r, t, and v termini, as is shown in Fig.
4(a). The interaction energy is given by:

ocC uno  uno occ (cr(i)ct(j))2

AE=233-335)—, (va8P)?
i i g A1 —€Bg
OCC UnO  uno occ Ne (k)2
TRPTSSD 0 3B Blnic sy
Jj ok j ok E€Bi—EcCk
0OCC uno  uno occ (cv(k)cr(i))z
+2 X -3 3) ———(veab)? 9)
ki ki €Cck— €A1

The next case is the interaction of three systems, A,
B, and C, in which the AO’s r and s of A conjugate
with the AO t of B and the AO’s v and w of C con-
jugate with the AO u of B, as is shown in Fig. 4 (b).
The conjugation stabilization energy is then given by:

occ unc  uno occ (Cr(i)ct(j)_|_cs(i)c°(k))2

AE = 2(22?—;%])

0CC uno uno occ

+2EZ3X-23)
kg k j

(748B)*

Epai—EBy
(ceP ey ) 4 ¢ Wey, )2

€ck —EBj

(vscB)*  (10)
The results of the calculations are given in Table 5.
We can see that the number of electrons of the bridge,
B, has little influence upon the interaction energy in
the interaction of type (b). In addition, when B is
neutral, as in the cases of ethylenic, butadienic, etc.,
the conjugation stabilization does not depend on the
number of electrons, 7. ¢., 4n or 4n+2, of A and of C.
When B is cationic, the stabilization is large when
both A and C have 4n--2 electrons. On the other
hand, when B is anionic, when both A and C are

8) K. Fukui and H. Fujimoto, This Bulletin, 40, 2018 (1967).

9) See, for instance, A. Strietwieser, Jr., “Molecular Orbital
Theory for Organic Chemists,” John Wiley & Sons, New York,
N, Y. (1961), p. 256,
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TABLE 5. THE CONJUGATION STABILIZATION ENERGY IN
THE INTERACTION OF THREE CONJUGATED
sysTEMs sHOWN IN Fig. 4

C») AE[y2pD
1.500
1.606

1.732
1.878

2.000
2.106
2.211
2.358
2.211
2.504
4.828
0.828
3.203
3.203
3—1 1.578
3+1 5.578
a) 2; ethylenic, 4; butadienic, 6; hexatrienic, 3—1; allyl
cationic, 3+1; allyl anionic.
b) |yasl=|yecl=|ycal=v

>
e
o]
e

Type (a)

Type (b)

BN R NON DS BR NN

3—-1
3+1
3—1
3+1

BRENNNNASBRNNNN ANNDN
B R R NN DD RN DN DS RN

4n-electron systems there will be a large conjugation
stabilization. The results in Table 5 correspond to
the case in which A, B and C interact through the
n-like overlapping of terminal p AO’s.

Interaction with d Orbitals

Numerous chemical reactions take place simul-
taneously with catalysis. In bimolecular reactions
of two reactants, A and B, under the influence of
a catalysis, G, we must consider the interaction of
three independent systems, A, B, and C. Therefore,
a theoretical means of handling three systems simul-
taneously is necessary in order to investigate the role
of catalysis in chemical reactions. Recently, the
important role of the d orbitals of transition-metal
complexes in olefin metathesis was clearly recogniz-
ed.?&1%  Some theoretical papers have been publish-
ed concerning this reaction.!® However, these con-
sider the process as an interaction between the
orbitals of the transition metal and two weakly-coupled

unoccupied occupied

N\

\\

G 5 &
/7 W
Y \ \

O e
GR A 5 R Y
Q ¢ QO 6

HOMO HOMO LUMO

Fig. 5. A schematic representation of orbital overlap inter-
actions in olefin metathesis,
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olefin molecules or tetramethylene. By the use of
Eq. (4), we can examine the role of the d orbitals
at the begining of the reaction. The modes of the
orbital-overlap interactions are schematically illustrated

in Fig. 5. We can see that the HOMO of olefin can
interact with d,?_,’ and that the LUMO can overlap
with d,,. Accordingly, the interaction between the

d orbitals and # MO’s of olefins will result in a net
stabilization, although the interaction between two
olefins is symmetry-unfavorable and does not lead to
stabilization.5')) The donation of electrons from
the occupied MO’s of olefins to the unoccupied d
orbital, and that from the occupied d orbital to the
unoccupied MO’s of olefins, will bring about a loosen-
ing of the # bonds of olefins. Consequently, the mixing
of the chemically-induced excited state of olefins
through the charge-transfer interaction with d orbitals
will activate olefins and lessen the symmetry constraint.
As the reaction proceeds, it is reasonable to regard
the process as an interaction between the d orbitals
and two weakly-coupled olefin molecules or a
tetramethylene system.?

Equation (4) suggests that the two reactants should
have the same MO symmetry properties in order for
both of them to be activated by the same pair of oc-
cupied and unoccupied d orbitals. Olefins metathesis
is such a case. Polyenes with an even number of
electrons can be classified into two classes; one pos-
sessing 4n electrons, and the other, 4n-42 electrons.
The HOMO of a 4n-electron system is antisymmetric
(A) and the LUMO is symmetric (S). The HOMO
of a (4n+-2)-electron system is S and the LUMO is
A. Therefore, when one reactant is a 4n-electron
system and the other is a (4n-2)-electron system,
only one of them can be activated by one occupied
d orbital and one unocupied d orbital of the central
metal of catalysis. In order to activate both, more than
two occupied and two unoccupied d orbitals should
participate in the reaction. Thus, the important
role of the d orbitals of transition-metal complex
catalysis can be most clearly observed in the interac-
tions of two conjugated systems belonging to the same
class, such as the cases of (24-2), (4+4), (2+6), (6+46),
------ , which are thermally unfavored without cata-
lysis.1:6:11,12)

Some concenient equations have been derived for
the purpose of calculating the stabilization energy
of the simultaneous interaction of three independent
systems. The stabilization energy for some types
of interactions of three systems has been given in the
second-order perturbation forms, using the energies
and AO coefficients of the MO’s of the isolated reac-
tants. These equations can be used for the semi-

10) a) F. D. Mango and J. H. Schachtschneider, J. Amer.
Chem. Soc., 89, 2484 (1967); 91, 1030 (1969); 93, 1123 (1971).
b) F. D. Mango, Tetrahedron Lett., 1971, 505. ¢) W. Th. A.
M. van der Lugt, ibid., 1970, 2281. d) G. S. Lewandos and R.
Pettit, ibid., 1971, 789. e) See also, R. H. Grubbs and T. K.
Brunck, J. Amer. Chem. Soc., 94, 2538 (1972).

11) a) R. Hoffmann and R. B. Woodward, J. Amer. Chem.
Soc., 87, 2046 (1965). b) R. B. Woordward and R. Hoffman,
Angew. Chem. Int. Ed. Engl., 8, 781 (1969).

12) K. Fukui, This Bulletin, 39, 498 (1966).
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quantitative estimation of the conjugation stabiliza- LUMO interaction can be expressed by a first-order
tion at the initial stage of three bodies interactions, perturbation term and comes to play a discriminatively
regardless of whether or not some particular symmetry important role.12
exists. The method presented here will be helpful

for understanding the important role of the d orbitals

of transition metals in complex formations and in the

activation of organic molecules in chemical reactions.

When the HOMO of one system happens to be de- In the case of longicyclie interaction, the third-order
generate with the LUMO of another, the HOMO- interaction energy with respect to yapymcyoa is given by

Appendix

occ all all (¢ (D¢ () dc (e (D) (c, D, ® +c, Dy, B (c, ®Bc, i) 4 ¢, B e, (D)
AE:8{EZZ (r t S u )(t. v u w )(V T w s )AA
voJ ok (SBj"SAi)(SCk—GAi)
occ all all (¢ (e, ) ¢y ey, ) (cy B, B + e ®eg (1) (¢, Bey W) 4 ¢ Hey, (D)
+333
7 ki (eck—eB1)(eai—eBj)
occ all all (¢ (B (D) 4 ¢ B D) (e, Dy 4¢Py D) (g ey ®) 4 ¢y Dy )

+ kZ 22 2_]: (eas—¢€cr) (€5 —€crk)

} 7aBYBCYcAB®

In the case of laticyclic interaction, the third-order interaction energy does not appear.






